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Abstract In this paper, a new Multi-Aspect Grasp (MAG) performance index is presented for evaluating
grasp quality during an object manipulation task. The position of grasp points, the configuration of
cooperative manipulators, and the kinetic aspects of manipulating arms and the grasped object are
considered in the MAG index. The MAG index is used to evaluate the candidate points to choose the best
grasp point and to select the most effective branch of the inverse kinematics solution, with respect to
the given task. Simulation results, which are validated with analytical solutions, show the merits of the
proposed index. According to these results, the MAG index indicates that in planar object manipulation
taskswithout rotation, the best grasppoint is the object center of themass,which is physicallymeaningful.
© 2011 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
Object manipulation is an interesting field in robotics
that involves many aspects. Grasp planning is one of the
most challenging and important problems. The cooperative
manipulation of objects provides versatility in task execution,
by allowing many alternatives in task mechanics. In particular,
multiple-arm cooperation is required if we are to assemble and
manipulate parts without the aid of fixtures or jigs, or if we
are to safely transfer heavy and large objects from one place
to another [1–5]. When an object is grasped by a system of
manipulators or amulti-fingered robotic hand, there are several
ways to find suitable grasps. Optimal grasp planning is required
to find the optimal grasp points for satisfying the objectives
of the given task. Also when there are several configurations
for a manipulator to reach a point within its workspace, a
criterion is required to select the appropriate branch of the
inverse kinematics solution.
Several performance indices have been defined to evaluate
the quality of grasp configuration. These measures are classi-
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Open access under CC BY-NC-ND license.fied into three groups [6,7]. In the first group, indices consider
the position of contact points. Some of these indices are based
on the algebraic properties of the grasp matrix, G, such as the
smallest singular value and Grasp Isotropy Index [8], the deter-
minant [9] and the condition number [10]. Some indices are
based on the geometric relationships between the position of
contact points, such as the area of the grasp polygon [11,12],
the distance between the centroid of the contact polygon and
the center of mass of the grasped object [13–15], and the stabil-
ity grasp index [16–18]. Some indices consider limitations on
the End-Effector (EE) forces, such as indices based on the grasp
force distribution [19], indices based on a min–max optimiza-
tion in the Force Workspace (FW) [20], the total volume of the
resulting wrench space as a quality metric [21], the radius of
the largest wrench space ball [22,23], the optimal force-closure
grasp based on theQ-distancemeasure [24,25], the ability of the
grasp to reject disturbance forces [26,27] and, finally, the min-
imum volume bounding box [28]. The indices that considered
this aspect could analyze the quality of the grasp configuration,
statically.
In the second group, grasp indices consider kinematic char-
acteristics and configuration of the cooperativemanipulators or
fingers of a multi-fingered robotic hand, such as the smallest
singular value of the Jacobian matrix [29], the condition num-
ber of the Jacobianmatrix [30], the volumeof themanipulability
ellipsoid orManipulability Index [31–33], theMobility Index [34]
and the Observability Index [35]. The indices that consider this
aspect could only evaluate the quality of the grasp configuration
for kinematic tasks without force interaction with the environ-
ment.
In the third group, the indices consider the kinetic charac-
teristics of themanipulators and the grasped object, such as the
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Task Compatibility Index [36], performance analysis with theDy-
namic Capability Equations [37,38], the use of energy consump-
tion as a cost function [39], the squared norm of the actuator
torque vector as a cost function [40], the volume of the dynamic
manipulability ellipsoid or Dynamic Manipulability [41,42] and
the Inertia Matching Ellipsoid (IME) that integrates the existing
dynamicmanipulability andmanipulating-force ellipsoids [43].
These indices could be used for the tasks that consist of force in-
teraction between the robotic system and the environment, and
the grasped object with the robotic manipulators.
If the gripper grasps an object in an unsuitable condition,
the manipulator cannot perform the task efficiently. This may
occur in the manipulator kinematic singular condition or in a
saturation state of the actuators. In such conditions, the grasp
point should be changed with a regrasping strategy and a new
grasppoint should be selected [44,45]. Although somemultiple-
aspect indices have been proposed for path planning [46,47],
motion planning [48,49] and trajectory planning [50], the
definition of such indices for grasp planning has not yet been
done.
In this paper, a new grasp performance index is proposed
for evaluation of the grasp configuration to perform an object
manipulation task. This index considers three aspects: The
first is the position of the grasp points, the second is the
kinematic characteristics of manipulators, and the third is the
corresponding kinetic characteristics. The goal is to evaluate
grasp configuration for a system of robotic arms that should
perform a task with suitable dexterity and minimum energy
consumption, individually or cooperatively.
2. Multiple-Aspect Grasp index
As mentioned above, the Multiple-Aspect Grasp (MAG)
index can be used to evaluate grasp configuration in object
manipulation tasks and consists of various static, kinematic and
kinetic aspects. Cooperative object manipulation tasks can also
be evaluated with the MAG Index. In this section, the proposed
index is developed.
A grasp matrix maps the object velocity into grasp point
velocity, as shown in Figure 1 [9]. The Vp denotes the velocity of
grasp points and VCM denotes the velocity of the center of mass
of the object. Thus the grasp matrix is defined as:
Vp = GTVCM. (1)
The grasp matrix for n grasp points will have the following
structure [51]:
G = G1 G2 · · · Gj · · · Gn6×6n ,
Gj =
 13
..
..
.. 03
. . . . . . . . . . . . . . . . . . . . . . .
STobjr
×
pj ..
.. STobj

6×6
, (2)
where 13 and 03 are the unit and zero 3×3matrix, respectively,
rpj is the position vector of the jth end-effector with respect toFigure 2: Coordinate frames and the position vector of the jth grasp point with
respect to the C.G. of the object.
the object center of mass, as shown in Figure 2, and r×pj is the
cross operator of vector rpj defined as:
r×pj =
 0 −rzj ryj
rzj 0 −rxj
−ryj rxj 0

3×3
. (3)
Matrix Sobj is the map between the time derivative of the Euler
angles array and the velocity vector of the object and is defined
as:
ωobj = Sobjδ˙obj. (4)
To evaluate the grasp condition, we need to determine the
condition number of the grasp matrix. The grasp matrix, G, is
not dimensionally homogeneous, because the first row entries
of G in Eq. (3), are dimensionless, but entries in the second
row have a dimension of length. Some methods to resolve this
dimensional inconsistency were proposed, such as Scaling [29],
and Characteristic Length [52]. Here, we define the normalized
grasp matrix G¯, which is a homogenous grasp matrix:
G¯ = G¯1 G¯2 · · · G¯j · · · G¯n6×6n ,
G¯j =

Gj if ‖rpj‖ = 0‖rpj‖13 ... 03. . . . . . . . . . . . . . .
03 ..
. 13

Gj
‖rpj‖−113 ... 03. . . . . . . . . . . . . . . . . . . . . . . . . . .
03 ..
. ‖rpj‖−113

if ‖rpj‖ ̸= 0
(5)
where ‖rpj‖ is the norm of rpj andGj was defined in Eq. (2). Note
that when ‖rpj‖ = 0, the grasp point is the center of gravity
and the terms in the second row of G are normalized. When
‖rpj‖ ≠ 0, the pre and post multiplying matrices will make the
second row elements of Gj dimensionless. To show this and to
focus on the dimensions, we may substitute Sobj = 13 in Gj:
G¯j =
‖rpj‖13 .. . 03. . . . . . . . . . . . . . .
03 ..
. 13

13 ..
. 03
. . . . . . . . . . .
rpj× ..
. 13

×
‖rpj‖−113 ... 03. . . . . . . . . . . . . . . . . . . . . . . . . . .
03 ..
. ‖rpj‖−113

=
‖rpj‖13 ... 03. . . . . . . . . . . . . . .
03 ..
. 13
 ‖rpj‖−113 ... 03. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
‖rpj‖−1rpj× .. . ‖rpj‖−113

=

13 ..
. 03
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
‖rpj‖−1rpj× .. . ‖rpj‖−113

. (6)
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number of the normalized grasp matrix G¯ is considered:
CN = σmin(G¯)
σmax(G¯)
, (7)
where σmin(G¯) and σmax(G¯) are the minimum and maximum
singular values of the normalized grasp matrix, G¯, respectively.
If CN is close to zero, the grasp is singular. This means that
at least one of the cooperating manipulators is incapable of
moving the object in a direction. On the other hand, if CN is close
to 1, we have an isotropic graspmatrix, and all end-effectors are
capable of moving the object in any arbitrary direction. Next, Di
denotes the dexterity measure of the ith manipulator to grasp
the object, as:
Di =

det(J∗i J
∗T
i ), (8)
where J∗i denotes the Jacobian matrix between the actuators
velocity domain and the object velocity domain of the ith
manipulator, which is computed as follows:
J∗i = (GT)#Ji, (9)
where Ji denotes the Jacobian matrix of the ith manipulator
and also (.)# is the pseudo-inverse of the matrix. The term Di
denotes the volume of the manipulability ellipsoid. The greater
the volume of this ellipsoid, the greater is the dexterity of
the grasp. When this ellipsoid becomes a sphere, its volume
is maximized. When the ith manipulator is in a singular
configuration, the determinant of Ji approaches zero. Note that
Dimax is the maximum value of Di among all candidate grasp
points. If Di = Dimax, the term Di/Dimax becomes one, which
results in the most dexterous grasp. Finally, this definition of
Di allows us to use the index for manipulators with non-square
Jacobian matrices, e.g. redundant manipulators.
Finally, suppose that Pi denotes the consumed power of
actuators for the ith manipulator:∫
Pidt =
∫ 
|θ˙Ti |.|τ∗i |

dt, (10)
where θi denotes the joints angle array, and τ∗i denotes the
corresponding actuator torque array of the ith manipulator
with an augmented mass matrix. The augmented mass matrix
is the manipulator mass matrix where the object inertial
parameters are added to the inertial parameters of the last
link. In a cooperation condition, suppose that the inertial
parameters of the grasped object are distributed into all
cooperative manipulators with equal portions. Note that Pimax
is the maximum value of Pi among the candidate grasp points.
Our desired condition is that the term Pi/Pimax is smaller and,
therefore, the term 1 − (Pi/Pimax) is near to 1. In a weak
condition, where Pi = Pimax, the actuators of the manipulator
consume maximum power and, so, are near to the saturation
limit.
Thenewgraspperformance index,MAG, considers the above
three characteristics of grasp in a weighted format. Therefore,
the MAG index evaluates grasp configuration during the task
execution for cooperating arms:
MAG = 1
tf − t0
∫ tf
t0

W1CN +W2 1n
n−
i=1

Di
Dimax

+W3 1n
n−
i=1

1− Pi
Pimax

dt, (11)Table 1: Choosing the weighting factors.
Type of the Task W1 W2 W3
Default choice 0.33 0.33 0.34
Type-I: static tasks 0.50 0.25 0.25
Type-II: kinematic tasks 0.25 0.50 0.25
Type-III: dynamic tasks 0.25 0.25 0.50
Table 2: The geometric and inertial parameters of the manipulator.
Link
no.
L (m) m (kg) Ixx
(kg m2)
Iyy
(kg m2)
Izz
(kg m2)
Motor
inertia
Gear
ratio
1 1.04 17.4 0.130 0.524 0.539 2×10−4 100
2 1.04 17.4 0.130 0.524 0.539 2×10−4 100
3 0.92 6.1 0.0154 0.212 0.192 2×10−4 100
where t0 and tf are the initial and final times, respectively. The
first term ofMAG in Eq. (11) deals with the position of the grasp
points, which considers the static characteristics of the grasp,
the second term of MAG in Eq. (11) considers the kinematics
characteristics of the cooperative manipulators, and the third
term evaluates the kinetic characteristics of the manipulators
and the grasped object. Each term of the MAG index has a value
between zero and 1. The goal is to maximize the MAG index.
Also, weighting factors,W1,W2 andW3, are included to put
a different emphasis on each term, while the total sum of these
three factors should be equal to 1. As a rule of thumb, the
weighting factors can be chosen according to Table 1.
As shown in Table 1, the tasks of Type-I involve static tasks
like holding an object, or quasi-static tasks like those with very
slow velocity. The tasks of Type-II involve kinematic tasks like
painting, arc welding, etc. where the end-effector and grasped
object do not have force interaction with the environment. The
tasks of Type-III involve dynamic tasks like moving an object
with high velocity, in particular, for mobile robots that have an
onboard limited power.
Finally, the normalizing factor, 1/(tf − t0), puts the total
index between 0 and 1. Therefore, a good grasp has aMAG index
of 1, and a poor grasp has a MAG index of zero.
3. Using MAG for 3R manipulator: a case study
In this section, the details of formulation will be presented
for a system that includes a 3R manipulator and a grasped
object. Figure 3 shows a 3R robotic manipulator in global
motion, performing an object manipulation task. The task is
moving the object on a given trajectory in the plane. The object
has been graspedwith a solid grasp condition, i.e. its orientation
cannot change with respect to the end-effector of the robot.
The geometric and inertial parameters of the manipulator are
shown in Table 2.
3.1. The object desired path
The object path is a straight line along the x-axis, coordinate
y is constant and coordinate z is zero. Also, the orientation of
the object is fixed at 10° during the task.
The trajectories of the joint angles are quintic functions as
follows:
x(t) = a0 + a1t + a2t2 + a3t3 + a4t4 + a5t5,
y(t) = 1, ψ(t) = 10°, (12)
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Figure 4: The defined path of the grasped object in the workspace and
trajectory of x(t) and its derivatives.
where the coefficients are presented in [53]. At the initial time,
the object is at rest in x0 = 0. Also at the final time, the object is
at rest in xf = 1.5 (m). Figure 4 shows the defined path in the
workspace, and the trajectory of x(t) and its derivatives.
3.2. Calculation of MAG terms
For calculating various terms of the MAG index in Eq. (11),
we consider the velocity of the grasped object in two ways.
First, with the transformation of the actuators velocity and,
then, with the task predefined trajectory. The equality of these
relations gives us the configuration of the manipulator to reach
the defined task. The velocity of the grasp points is computed
from the velocity of the actuators as follows:
Vp = Jθ˙, (13)
where Vp denotes the velocity array of the grasp points on the
grasped object as follows:
Vp =

x˙p y˙p z˙p Ωx Ωy Ωz
T
. (14)
x˙p, y˙p and z˙p are the linear components and Ωx, Ωy, and Ωz
are the angular components of the grasp point velocity array.
The VCM denotes the object velocity array containing the linear
velocity and time derivative of the Euler’s angles array as
follows:
VCM =

x˙obj y˙obj z˙obj ϕ˙ γ˙ ψ˙
T
. (15)For relating the time derivative of the Euler angles and angular
velocity vector as in Eq. (4), matrix Sobj ∈ R3×3 can be expressed
in terms of the Euler angles as:
Sobj =
1 0 −Sγ
0 Cϕ Cγ Sϕ
0 −Sϕ Cγ Sϕ

, (16)
where Cα and Sα denotes cos(α) and sin(α), respectively, and γ
and ϕ are the pitch and roll Euler angles. For a single grasp point,
the grasp matrix is computed as:
G =

13×3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 −rz
rzCϕ + rySϕ −rxSϕ
rzCγ Sϕ − ryCγ Cϕ rzSγ + rxCγ Cϕ
... 03×3. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
ry
−rxCϕ
−rySγ − rxCγ Cϕ ...
..
..
..
.
1
0
−Sγ
0
Cϕ
Cγ Sϕ
0
−Sϕ
Cγ Cϕ
 . (17)
3.3. Planar case
For planar rigid grasping, the relationship between the
velocity components of the grasp point and the velocity of the
center of mass of the object is as follows:
ωzobj = z,
x˙obj
y˙obj

=

x˙c
y˙c

+

Ωz kˆ
× −rx
−ry

, (18)
where ωzobj is the angular velocity of the center of mass of
the object about the z-axis. The Jacobian matrix of the 3R
manipulator is as follows:
J =
−(L1S1 + L2S12 + L3S123) −(L2S12L3S123) −L3S123L1C1 + L2C12 + L3C123 L2C12 + L3C123 L3C123
1 1 1
 ,
(19)
where S12 denotes sin(θ1 + θ2) and so on. Li denotes the length
of the ith link. Moreover, for the planar case, the grasp matrix is
computed as:
G =
 1 0 0
0 1 0
−ry rx 1

. (20)
The solution for the inverse kinematics of the considered 3R
manipulator is discussed in the Appendix. Next, the terms of
the MAG index for each candidate grasp point in each branch of
the inverse kinematics solution, can be computed.
3.4. Various grasped objects
The first grasped object is a nonsymmetrical, L-Shape,
1.5m×0.9mblock. The second object is a rectangular, 1.25m×
0.5 m block. And the third object is a 2 m × 0.4 m bar. The
geometric and inertial parameters of the grasped objects are
presented in Table 3. The numbering of the candidate grasp
points on each object is shown in Figure 5.
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and (c) the bar.
Table 3: The geometric and inertial parameters of the grasped objects.
Object m
(kg)
ρ
(kg/m3)
Thickness
(m)
I¯xx
(kg m2)
I¯yy
(kg m2)
I¯zz
(kg m2)
L-shape 23.7 7200 0.045 1.135 4.701 5.793
Rectangle 22.27 7200 0.045 0.5651 2.9035 3.4611
Bar 19.44 7200 0.045 0.1491 6.4833 6.6258
4. Obtained results and discussions
The values of the MAG index for candidate grasp points on
the object, which are calculated based on Eq. (11), are shown in
Figure 6. These values are plotted by MATLABTM as the Object
Grasping Map. In this map, different values of the MAG index
have different colors and equal values located on the same
contour. The values of the MAG index of the interior points are
interpolated linearly. Figure 6 shows the Object Grasping Map
of the single manipulator, for grasping three different objects.
The weighting factors are selected equal to each other, W1 =
W2 = W3. Thesemaps indicate that the points near to the object
center of mass have greater values of the MAG index.
Figure 7 shows the comparison between four grasp indices,
the grasp isotropy index (C-index), the normalized manipu-
lability index (D-index), the energy index as a cost function
of grasp evaluation (R-index), and the MAG index, for three
grasped objects (i.e. the L-shape, the rectangle and the bar).Figure 6: The object grasp quality map for a single manipulator with
equal weighting factors. (a) L-shape object in negative branch of the inverse
kinematics solution; (b) rectangle in a positive branch of the inverse kinematics
solution; and (c) bar in a positive branch of the inverse kinematics solution.
As shown in Figure 7a, because of the static nature of the C-
index, it could not distinguish the quality of grasping between
two branches of the inverse kinematics solutions. Theweakness
of the R-index, with respect to the MAG index, is more obvi-
ous at specific points, e.g. point No. 3 in Figure 7a, point No. 54
in Figure 7b and point No. 29 in Figure 7c. Since the value of
the R-index means that the grasp configuration at these points
leads to less energy consumption by the joint actuators, these
points, in the R-index diagram, are introduced as better points
among the other candidate points. But the C-index and D-index
diagrams show that these points are one of the weakest can-
didate points, because the grasp with these points could not
transform the velocity of the actuators to the center of mass
of the object effectively. Also, the configuration of the manip-
ulator, when grasping the object at these points, would not be
suitable considering the required dexterity for performing the
task. However, the MAG index could distinguish this condition
clearly and evaluates the performance of the system in a multi-
aspect manner.
The effect ofweighting factors for the L-shape grasped object
is shown in Figure 8. As shown in this figure, the best grasp point
is different, depending on the importance of each aspect that
corresponds to theweighted factor. Similar results are obtained
for the other grasped objects.
5. Results validation
To validate the obtained simulation results, wewill compare
them with an analytical solution to the problem. For this
purpose, we should find the grasp point that maximizes the
MAG index. Therefore, we find the condition in which three
terms of MAG in Eq. (11) are maximized. First, we present a
proposition as follows.
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weighting factors, the grasp isotropy index (C), the normalized manipulability
index (D), and the energy index as a cost function of grasp evaluation (R) for
a single manipulator. (a) L-shaped object in a negative branch of the inverse
kinematics solution; (b) rectangle in a positive branch of the inverse kinematics
solution; and (c) bar in a positive branch of the inverse kinematics solution.
Proposition 1. The reciprocal of the condition number of matrix
A becomes maximum if:
σmax(A) = σmin(A), (21)
where σmax(A) and σmin(A) are maximum and minimum singular
values of A, respectively [54].
For the grasp matrix G, which is presented in Eq. (20) for
the planar case study, with symbolic calculations of MATLABTM
and using the SVD(G) command,wewould have singular valuesFigure 8: The object grasp quality map for L-shaped object with different
weighting factors. (a)W1 = 0.8,W2 = 0.1,W3 = 0.1; (b)W1 = 0.1,W2 = 0.8,
W3 = 0.1; and (c)W1 = 0.1,W2 = 0.1,W3 = 0.8.
of G, as the function of grasp point coordinates, rx and ry, with
respect to the object center of mass as:
σ1 = 1,
σ2 =
√
2
2

2+ (r2x + r2y )+

4(r2x + r2y )+ (r2x + r2y )2,
σ3 =
√
2
2

2+ (r2x + r2y )−

4(r2x + r2y )+ (r2x + r2y )2. (22)
Introducing r = r2x + r2y , we have:
σ1 = 1,
σ2 =
√
2
2

2+ r +

4r + r2,
σ3 =
√
2
2

2+ r −

4r + r2. (23)
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therefore:
4r + r2 = 0→ r2 = −4r. (24)
For r ≥ 0, this leads to r = 0. It means that σ1 = σ2 =
σ3 = 1 and the grasp point is the grasped object center of mass.
Therefore, Proposition 2 will be concluded.
Proposition 2. For planar cases, if the object center of mass is
selected as the candidate grasp point, then the reciprocal of the
condition number of graspmatrixG, CN(G), becomes its maximum,
which is equal to one.
For the second term of Eq. (11), we should calculate the
maximum value of D in Eq. (8) as a function of grasp point
coordinates. Based on Eqs. (8) and (9), we should calculate the
maximum of the term below:
det

J∗J∗T
 = det J∗ det J∗T 
= det

GT
# J detGT # JT
= det

GT
#
det (J) det

JT

det

GT
#T
= det

GT
#
det (J) det

JT

det

G#
TT
= det

GT
#
det (J) det

JT

det

G#

. (25)
For grasp matrix, G, which is presented in Eq. (20) for a planar
case, we have:
det(G) = det(G#) = 1. (26)
Therefore:
max

det

J∗J∗T
 = max det JJT  . (27)
This shows that in the planar case, the termmax{det(JJT )} does
not depend on the grasp matrix and corresponding grasp point
coordinates.
For the third term of Eq. (11), we should calculate the
minimum value of P in Eq. (10) as a function of grasp point
coordinates. To this end, the object equations of motion can be
considered:
MobjX¨G + Fω = Fe
IGω˙+ ω× IGω = re × Fe (28)
where Mobj and IG are the mass and moment of inertia of the
object, respectively, Fω and Fe are nonlinear terms and the
force of the end effector,ω is the angular velocity of the object,
and re is the position vector of the grasp point, with respect
to the object center of mass. The first equation governs the
linear motion of the object, and the second one shows the
angular motion of the object. In this system of equations, the
term re is the only term that is affected by the grasp point.
In the task defined in this case study the object orientation
remains constant during the task. Therefore, to minimize the
consuming energy in the manipulator actuators, the moment
that is generated by the object on the end effectors must be
minimized and, so, re = 0.
Therefore, in the case study task, all three terms of MAG in
Eq. (11) aremaximizedwhen themanipulator grasps the object
at its center of mass, which was obtained before in Figure 5.6. Conclusions
In this paper, a new performance index was proposed as the
Multiple-Aspect Grasp (MAG) index, which could be efficiently
used for grasp planning in object manipulation tasks. This in-
dex considers three main aspects of grasp planning for object
manipulation tasks, i.e. grasp points, grasp dexterity, and the
power consumption of the manipulator actuators. Also, the co-
operation of the manipulators can be considered. The proposed
MAG index was used to find the best grasp point in a planar
task. Results show that the object center of mass is the best
grasp point, which maximizes the MAG index. Simulation re-
sultswere discussed and validatedwith analytical solutions. For
future work, this index is to be applied to cooperative tasks and
mobile robotic manipulations.
Appendix. Inverse kinematics and augmented mass matrix
computations
For computing the inverse kinematics solution of themanip-
ulator, first, we compute the transformationmatrix for the base
to end effector, as follows:
0T3 =
C123 −S123 0 L1C1 + L2C12 + L3C123S123 C123 0 L1S1 + L2S12 + L3S1230 0 1 0
0 0 0 1

= 0TE. (A.1)
On the other hand, if we compute the transformation for the
object frame to the base frame, we have:
0Tobj =
Cψ −Sψ 0 xobjSψ Cψ 0 yobj0 0 1 0
0 0 0 1
 . (A.2)
Substituting the object center of mass coordinate, with respect
to the end-effector, the transformation of end-effector to the
base frame is computed, as follows:
0TE =

Cψ −Sψ 0
..
..
..
..
.. rxCψ − rySψ + xobj
Sψ Cψ 0 rxSψ − ryCψ + yobj
0 0 1 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 ..
.. 1
 . (A.3)
Equating Eqs. (A.1) and (A.3), a nonlinear system of equa-
tions for computing the inverse kinematics solution is obtained:
Cψ = C123
Sψ = S123
rxCψ − rySψ + xobj = L1C1 + L2C12 + L3C123
rxSψ + ryCψ + yobj = L1S1 + L2S12 + L3S123.
(A.4)
Solving Eq. (A.4), θ1, θ2 and θ3 are obtained:
θ1 = A tan 2

Y¯ , X¯
± A tan 2X¯2 + Y¯ 2 − c2, c , (A.5)
θ2 = (1/L2)A tan 2(Y¯ − L1S1, X¯ − L1C1)− θ1, (A.6)
θ3 = A tan 2(Sψ , Cψ )− (θ1 + θ2) (A.7)
where X¯ = Xobj − L3Cψ , and Y¯ = Yobj − L3Sψ , also, c =
(1/2L1)(X¯2 + Y¯ 2 + L21 + L22). We name the solution with the
positive sign in Eq. (A.5) as the positive branch, and the solution
with the negative sign as the negative branch.
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augmented mass matrix of the manipulator, as follows:
M∗ =
h11 h12 h13
h21 h22 h23
h31 h32 h33

3×3
. (A.8)
The values of the elements of the augmentedmassmatrix of the
3R planar manipulator are computed as follows:
h11 = I1 +m1r21 +m2

L21 + r22
+ 2m2L1r2C2 + I2
+m3

L21 + L22 + r23 + 2L1L2C2 + 2L1r3C23
+ 2L2r3C2)+ I3,
h12 = h21 = m2

r22 + L1r2C2
+ I2
+m3

L22 + r23 + L1r3C23 + L1L2C2 + 2L2r3C3
+ I3,
h13 = h31 = m3(r23 + L1r3C23 + L2r3C3)+ I3,
h22 = m2r23 +m3(L22 + r23 + 2L2r3C2)+ I2 + I3,
h23 = h32 = m3(r23 + L2r3C3)+ I3,
h33 = m3r23 + I3.
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